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e Is it true that for every finite partition N = A; v --- U Ay there
exist i < k and z,y, 2z € A; such that 22 + y? = 227
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Questions

e Is it true that for every finite partition N = A1 U .- U Ag there
exist i < k and z,y, z € A; such that 22 + 3% = 227

e Is it true that for every finite partition N = A; U --- U A there
exist ¢ < k and z,y € A; such that z + y,x - yeA‘7

o Is it true that for every finite partition N = A1 U --- U A there
exist ¢ < k and x,y € A; such that z¥ € A;7

e Is it true that for every A € N if BD(A) > 0 then there exist
infinite sets X,Y such that X +Y < A?
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Terminology

We say that a polynomial P(x1,...,x,) is partition regular on
N = {1,2,...} if whenever the natural numbers are finitely colored there
exists a monochromatic solution to the equation P(x1,...,x,) = 0.
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Terminology

We say that a polynomial P(x1,...,x,) is partition regular on
N = {1,2,...} if whenever the natural numbers are finitely colored there
exists a monochromatic solution to the equation P(x1,...,x,) = 0.

Theorem (Rado)

Let P(x1,...,xn) = >y a;z; be a linear polynomial. The following
conditions are equivalent:
Q@ P(x1,...,xy,) is partition reqular on N;

Q there is a nonempty subset J of {1,...,n} such that ), a; = 0.
jeJ
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A family U < (N) is an ultrafilter if the following conditions hold:
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Ultrafilters on N

Definition
A family U < (N) is an ultrafilter if the following conditions hold:
Q J¢U;
Q@ AcU, A B= Bel;
Q@ ABeU=AnBel;
Q forevery ACN Ael or A°cU.

Definition
AeUdV s {neN|A—neV}el.

Fact: Since the '70s, ultrafilters have been one of the main tools to
prove results in combinatorial number theory.
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Translation in terms of Ultrafilters

Definition

Let P(x1, ..., zy) be a polynomial, and U an ultrafilter on N. We say

that U is a op-ultrafilter if and only if for every set A € U there are
ai,...,an € A such that P(aq,..,a,) = 0.
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Sets of Generators of U

Let *N be an hyperextension of N satisfying the ¢*-enlarging property.
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Sets of Generators of U

Let *N be an hyperextension of N satisfying the ¢*-enlarging property.

Definition

Given an ultrofilter U on N, its set of generators is

Gy ={ae*N|U = U,},
where Uy = {AS N |ae*A}.
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Sets of Generators of U

Let *N be an hyperextension of N satisfying the ¢*-enlarging property.

Definition

Given an ultrofilter U on N, its set of generators is

Gy ={ae*N | U = ),

where Uy = {AS N |ae*A}.

v

If we work in an extension that allows for the iteration of the =-map, we
also have that

U DUg = Usgyo, Uy OUg = Usg.q.
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Examples
Theorem (Schur)

The polynomial P(x,y,z) : x +y — z is partition regular.

Proof: Let U/ be an additive idempotent ultrafilter, and o €*N a
generator of Y. Then *a € Gy and a+*a € Gy,and

P(a, *o,a+ *a) =0.

Theorem (Hindman)

The polynomial P(x,y,u,v) : x + y — uv s partition reqular.

Proof: Let U be a multiplicatively idempotent Schur’s ultrafilter.
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Examples

Theorem (Schur)
The polynomial P(x,y,z) : x +y — z is partition regular.

Proof: Let U/ be an additive idempotent ultrafilter, and o €*N a
generator of Y. Then *a € Gy and a+*a € Gy,and

P(a, *o,a+ *a) =0.

Theorem (Hindman)

The polynomial P(x,y,u,v) : x + y — uv s partition reqular.

Proof: Let U be a multiplicatively idempotent Schur’s ultrafilter. Let
«, 3,7 € Gy be such that a + 5 = ~.
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Examples

Theorem (Schur)
The polynomial P(x,y,z) : x +y — z is partition regular.

Proof: Let U/ be an additive idempotent ultrafilter, and o €*N a
generator of Y. Then *a € Gy and a+*a € Gy,and

P(a, *o,a+ *a) =0.

Theorem (Hindman)

The polynomial P(x,y,u,v) : x + y — uv s partition reqular.

Proof: Let U be a multiplicatively idempotent Schur’s ultrafilter. Let
a, B,v € Gy be such that o + 8 = . Then

a- Fa+ - Ffa=v- *a
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Examples
Theorem (Schur)

The polynomial P(x,y,z) : x +y — z is partition regular.

Proof: Let U/ be an additive idempotent ultrafilter, and o €*N a
generator of Y. Then *a € Gy and a+*a € Gy,and

P(a, *o,a+ *a) =0.

Theorem (Hindman)

The polynomial P(x,y,u,v) : x + y — uv s partition reqular.

Proof: Let U be a multiplicatively idempotent Schur’s ultrafilter. Let
a, B,v € Gy be such that o + 8 = . Then

a- Fa+ - Ffa=v- *a

and we conclude setting x = - *a,y = 8
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Main Partition Regularity Result/1

Theorem

Let § be the family of functions whose PR on N is witnessed by at least an ultrafilter
UeT(®) n K(O) nI(®) n BD.
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Main Partition Regularity Result/1

Theorem

Let § be the family of functions whose PR on N is witnessed by at least an ultrafilter
UeT(®) n K(O) nI(®) n BD.
Then § includes:

@ FEwvery Rado polynomial
ciz1+ ...+ cn®n + P(y1,...,yx)

with injectivity |{z1,...,zn}| = n—1 and |{y1,...,yx}| = k, and with
injectivity |{x1,z2}| = 2 when n =2 and k =1, and with full injectivity
{z1,...,Zn,y1,...,yx}| = n + k when P # 0 is linear;
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Main Partition Regularity Result/1

Theorem

Let § be the family of functions whose PR on N is witnessed by at least an ultrafilter
UeT(®) n K(O) nI(®) n BD.
Then § includes:

@ FEwvery Rado polynomial
11+ ...+ cnZn + P(Y1, ..., Yk)

with injectivity |{z1,...,zn}| = n—1 and |{y1,...,yx}| = k, and with
injectivity |{x1,z2}| = 2 when n =2 and k = 1, and with full injectivity
{z1,...,Zn,y1,...,yk}| =n+k when P #0 is linear ;

@ FEwery polynomial of the form

ch(ﬂ yg>

JEF;

where Y1 | ¢;x; is a Rado polynomial and sets F; < {1,...,m}, with full
injectivity when n > 2, and with injectivity |{x1,x2,91,...,ym}| = m + 1 when
n=2;
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Main Partition Regularity Result/2

Theorem
e Fwery function f of the form

k

f(x7y17"'7yk) :x_nyi

=1

with full injectivity |{z,y1,...,yx}| =k +1;
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Main Partition Regularity Result/2

Theorem
e Fwery function f of the form

k

f(x7y17"'7yk) :x_nyi

i=1

with full injectivity |{z,y1,...,yx}| =k +1;
o FEuvery function f of the form

k
f(xayla"'ayk) :x_Hyfz
p=1l

with full injectivity |{z,y1,...,yx}| = k + 1, whenever the
exponents a; € 7, satisfy 22;1 a; = 1.
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Main Partition Regularity Result/3

Moreover, the family § satisfies a technical closure properties.
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Example: U witnesses the partition regularity of

T1 = T9 + Tx3
-1
t = yiy;
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So we get the partition regularity of the equation
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Main Partition Regularity Result/3

Moreover, the family § satisfies a technical closure properties.

Example: U witnesses the partition regularity of

T1 = T9 + Tx3

t=ylyy "
xlzt

So we get the partition regularity of the equation

To + Tx3 = y%y;l.
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Non-partition regularity/1

We use the p-expansions of numbers and many tools of nonstandard
analysis.
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Non-partition regularity/1

We use the p-expansions of numbers and many tools of nonstandard
analysis.

Theorem

Let P(x) =Y, caX® € Z]x1, ..., xp] be an homogeneous polynomial.If

for every nonempty J < supp(P) one has Y . ;ca # 0, then P(x) is
not PR.
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Non-partition regularity/1

We use the p-expansions of numbers and many tools of nonstandard
analysis.

Theorem

Let P(x) =Y, caX® € Z]x1, ..., xp] be an homogeneous polynomial.If
for every nonempty J < supp(P) one has Y . ;ca # 0, then P(x) is
not PR.

Example: 22 + y? — 322 is not PR.
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Non partition regularity /2

Theorem

For everyi=1,...,n let P;j(x;) Zg;l ¢isx; be a polynomial of degree
d; in the variable x; with no constant term.
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Non partition regularity /2

Theorem

For everyi=1,...,n let Pj(x;) = Zf;l ¢isx; be a polynomial of degree
d; in the variable x; with no constant term. If the Diophantine equation

> Pi(a) =0
=1

1s PR then the following “Rado’s condition” is satisfied:
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For everyi=1,...,n let Pj(x;) = Zf;l ¢isx; be a polynomial of degree
d; in the variable x; with no constant term. If the Diophantine equation

> Pi(a) =0
=1

1s PR then the following “Rado’s condition” is satisfied:

o “There exists a nonempty set J < {1,...,n} such that d; = d; for

every i,j € J, and 35 ¢ja; = 0.7

Lorenzo Luperi Baglini Wolfgang Pauli Institute 27 September 2017 13 / 14



Non partition regularity /2
Theorem

For everyi=1,...,n let Pj(x;) = Zf;l ¢isx; be a polynomial of degree
d; in the variable x; with no constant term. If the Diophantine equation

> Pi(a) =0
=1

1s PR then the following “Rado’s condition” is satisfied:

o “There exists a nonempty set J < {1,...,n} such that d; = d; for

every i,j € J, and 35 ¢ja; = 0.7

Example:

Lorenzo Luperi Baglini Wolfgang Pauli Institute 27 September 2017 13 / 14



Non partition regularity /2
Theorem

For everyi=1,...,n let Pj(x;) =

Zf;l cisxi be a polynomial of degree
d; in the variable x; with no constant term. If the Diophantine equation

> Pi(a) =0
=1

1s PR then the following “Rado’s condition” is satisfied:

o “There exists a nonempty set J < {1,...,n} such that d; = d; for

every i,j € J, and 35 ¢ja; = 0.7

Example:

@ The polynomial P(x,y) = 23+ 2z + 3> — 2y is not PR.
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Non partition regularity /2
Theorem

For everyi=1,...,n let Pj(x;) =

Z?;l cisT; be a polynomial of degree
d; in the variable x; with no constant term. If the Diophantine equation

> Pi(a) =0
=1

1s PR then the following “Rado’s condition” is satisfied:

o “There exists a nonempty set J < {1,...,n} such that d; = d; for

every i,j € J, and 35 ¢ja; = 0.7

Example:
@ The polynomial P(x,y) = 23+ 2z + 3> — 2y is not PR.
O If k ¢ {n,m}, the polynomial 2" 4+ y™ — 2" is not PR.
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Thank You!

email: lorenzo.luperi.bagliniQunivie.ac.at
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